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Abstract 



Evolutionarily Stable Strategy (ESS) in classical game theory is a refinement 
of Nash equilibrium concept. We investigate the consequences when a small 
group of mutants using quantum strategies try to invade a classical ESS in 
a population engaged in symmetric bimatrix game of Prisoner's Dilemma. 
Secondly we show that in an asymmetric quantum game between two players 
an ESS pair can be made to appear or disappear by resorting to entangled or 
unentangled initial states used to play the game even when the strategy pair 
remains a Nash equilibrium in both forms of the game. 

I. INTRODUCTION 

An evolutionarily stable strategy (ESS) was originally defined by Maynard smith and 
price (1973) [1] with the motivation that a population playing the ESS can withstand a small, 
invading group. This concept was developed by combining ingredients from game theory and 
from some work on the evolution of the sex ratio. Maynard Smith considers a population 
in which members are matched randomly in pairs to play a bimatrix game. The players are 
anonymous, that is any pair of players plays the same symmetric bimatrix game and the 
players are identical with respect to their set of strategies and their payoff function. Prom 
the symmetry of the bimatrix game it is meant that for strategy set S the payoff of the first 
player when he plays A & S and his opponent plays B ^ S is same as the payoff of the second 
player when the latter plays A and the first player plays B. A population which adopts an 
ESS can withstand a small invading group [1-3] . An evolutionarily game means a model of 
strategic interaction continuing over time in which higher payoff strategies gradually displace 
strategies with lower payoffs. There is also some inertia involved in distinguishing between 
evolutionarily and revolutionary changes; here inertia means that aggregate behavior does 
not change too abruptly. 

In a recent publication, Meyer [4] examined game theory from a quantum perspective 
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and showed that a player can enhance his expected payoff by implementing a quantum 
strategy. Shortly afterwards, Eisert et al [5] investigated the quantization of nonzero sum 
game, the Prisoner's Dilemma (PD), and showed that, if quantum strategies are admitted, 
the dilemma no longer exists; moreover, they succeeded in constructing a particular quantum 
strategy which will always outmaneuver any classical strategy. Referring to Dawkins' 'Selfish 
Gene' [6], these authors also hinted that games of survival are being played already on the 
molecular level, where quantum mechanics dictates the rules. Coming back to the concept of 
an ESS we notice that it was perhaps introduced into classical game theory for two reasons: 

1. Two player games can have multiple Nash equilibria (NE). 

2. Population biology problems can be modelled with the help of this concept. 
The reasons for claim that (1) holds for quantum as well as classical games are not far 

from obvious. In our opinion even the reason (2) may have a meaning in quantum setting. 
In section (ii) of this paper it is our purpose to take up the idea that 'games of survival 
are played at molecular level' and see what happens when 'mutants' of ESS theory come up 
with quantum strategies and try to invade classical ESS. What happens if such an invasion 
is successful and a new ESS is estabhshed; an ESS that is quantum in nature? Suppose 
afterwards another small group of 'mutants' appear equipped with some other quantum 
strategy. Would it be successful now to invade the quantum ESS? These questions have 
been considered in section {ii) for the pairwise symmetric game of PD. 

We are trying to extend an idea originally proposed for problems in population biology 
to quantum domain and it needs more substantive evidence than we have provided. Our 
motivation is to look for the consequences when quantum strategies that Eisert et al have 
called one and two-parameter quantum strategies satisfy the criteria of an ESS. Later we 
also consider NE and ESS's in the PD game when it is played via another scheme proposed 
recently by Marinatto and Weber [13]. 

PD is a symmetric game and the payoff to a player depends only on player's strategy 
not on player's identity. In section [Hi) we consider quantization of a general 2x2 matrix 
game in asymmetric form played via Marinatto and Weber's scheme. In evolutionary game 
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theory an ESS for such a game is a strategy pair that forms a strict Nash equihbrium (NE) 
[11] .We also search what should exactly be the initial entangled state to play a quantum 
game when a particular strategy pair is a NE in both the classical and quantum versions of 
the game but an ESS in only version. 

II. SYMMETRIC CASE 

The PD game has classical available pure strategies Cooperation (C) and Defection (D) 
[7]. An interesting question is which strategies are hkely to be stable and persistent in a 
population engaged in the pairwise version of the game. A simple analysis [8] show that D 
will be the pure classical strategy prevalent in the population and hence the classical ESS. 
In general, suppose that a strategy A is played by almost all members of the population, 
the rest of the population form a small group of mutants playing strategy B constitute a 
fraction e of the total population. The strategy A is said to be evolutionarily stable (ES) [9] 
against B if P[A, {l-e)A + eB] > P[B, {l-e)A + eB] where P[A, B] is defined as the payoff 
to player playing A against player playing B, for all sufficiently small, positive e. There exists 
some eo, such that for e e [0, eo) the inequality is satisfied [9]. If for the given A and B the 
eo specified is as large as possible the eo is called the "invasion barrier" . If B comes at a 
frequency larger than eo it will lead to an invasion. 

For a symmetric bimatrix game it follows [8,9] that A is an ESS with respect to B 

1. li P[A,A]> P[B,A] and 

2. li P[A, A] = P[B, A] then P[A,B]> P[B,B] (1) 

If most of the players play A, then almost all potential opponents are A players, so if A 
does better against A than B does, B players will be persistent losers as the game evolves. 
However, if A and B do equally well against A, then how well the strategies perform against 
B becomes important. Therefore, for A to be ES against B the strategy A must then do 
better against B than B does against B. Strategy A is an ESS if A is ES against all B A. 
For pure strategies A and B (classical as well as quantum) the fitnesses [8] can be defined 
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as 

W{A) = P{A, A)Fa + P(A B)Fb W{B) = P{B, A)Fa + P{B, B)Fb (2) 

Where Fa and Fg are the classical frequencies of the pure strategies A and B respectively. 
A quantum strategy cannot be treated as a probabilistic sum of pure classical strategies 
(except under special conditions). Therefore for finding fitness the quantum strategies are 
treated as 'new' strategies that cannot be reduced to the pure classical strategies. 

An ESS is usually considered another refinement of the NE concept. For symmetric 
bimatrix games the relationship is described as [11] 

^Ess ^ ^PE ^ ^NE ^PE ^ ^ ^j^g^g ^NE^ A^^and A^^^are the sets of sym- 
metric NE, symmetric proper equilibrium and evolutionarily stable strategies respectively. 
Application of quantum theory gives a new set of NE strategies A^^and A^'^'^may contain 
quantum strategies as well. 

We assume the same quantum version of PD game as described by Eisert et al [5] between 

two players. A pair of qubits are prepared in unentangled state |CC) and sent through the 

entangling gate J. J is essentially a unitary operator known to both players and is symmetric 

with respect to the interchange of two players. The two players, call them Alice and Bob, 

then apply their local unitary operators Ua and Ub respectively. An inverse gate to J is 

applied before the final measurement by the arbiter. Let s\ and sb be Alice's and Bob's 

strategies respectively. The payoff matrix is the same as chosen by Eisert et al [5] and can 

be written as 

^3,3) (0, 5) ^ 

^(5,0) (1,1) j 

Suppose the players apply their respective strategies sa and sb- These strategies are 
unitary operators at player's disposal i.e. sa~Ua and sa Ub-H initial state is maximally 
entangled state p then the final state[4] is 

a={UA® Ub)p{Ua ® UbY (4) 

The arbiter apphes Kraus operators [4,10] on a 
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ttdc = \'^Dc) (V'Dcl ttdd = \'^dd) {'^dd\ (5) 
The expected payoffs to Alice and Bob are [4] 

Pa,B = [Pcc\A,Bt^[T^CC(A + [PcD\A,Bt^[T^CDCr] 

+ [PDc\A,Bt'^[^DC(A + [PDD\A,Bt'^[^DDCr\ (6) 

Because tfie game is symmetric we define P(C, D) as tlie payoff to C player against D 
player. Similarly P{D, C) is defined. The subscripts of A and B are not required. 

Eisert et al [4] have used following matrix representations of the unitary operators of one 



and two-parameter strategies respectively. 



cos(^/2) sin(^/2) 
y-sin(^/2) cos(^/2) y 



e^'^cos(^/2) sin(^/2) 
y-sin(^/2) c~'^ cos {9/2) J 



(7) 



Where 6 e [0,7r] and e [0,7r/2]. The classical pure strategies C and D are realized 
as C~C/(0), D~U{'k) respectively for one-parameter strategies and C~C/(0, 0), D~U{'k,Qi) 
respectively for two-parameter strategies. We consider three cases: 

A. A small group of mutants appear equipped with one-parameter quantum strategy 
U{9) when D exists as a classical ESS. 

B. The mutants are equipped with two-parameter quantum strategy U {9, (p) against 
classical ESS. 

C. The mutants have successfully invaded and a two-parameter quantum strategy 
(5~f/(0, 7r/2) has established itself as a new quantum ESS. Again another small group of 
mutants appear using some other two-parameter quantum strategy and try to invade the 
quantum ESS Q. 

Case A 

The expected payoffs are found as 
P{9,D)^sm\9/2) 

P{9, 9) = 2 cos2(^/2) + 5 cos2(^/2) sin2(^/2) + 1 
P{D, 9) = 5 cos^{9/2) + sin2(^/2) 
P{D,D)^l (8) 

Where, for example P{9,D) is the payoff to mutant employing one-parameter strategy 
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9 against the opponent using D. Now P{D,D) > P{9,D) for all 9 e [0, tt). Hence, the 
first condition for an ESS is satisfied and D~U{'k) is an ESS. The case ^ = tt corresponds to 
the case when one-parameter mutant strategy coincides with the ESS and is ruled out. If 
D~U{t:) is played by almost all the members of the population, which correspond to high 
frequency for D, we have then W{D) > W{9) for all ^ G [0, tt). Therefore the fitness of a 
one-parameter quantum strategy, which also corresponds to the case of mixed (randomized) 
classical strategies [4], cannot be greater than that of a classical ESS. A one-parameter 
quantum strategy, therefore, cannot succeed to invade a classical ESS. 
Case B 

The expected payoffs are 
P{D,D)^1 

P{D, U) = 5 cos2(0) cos2(^/2) + sm\9/2) 
P{U, D)^5 sin2(0) cos2(^/2) + sm\9/2) 

P{U, [/) = 3 |cos(20) cos2(^/2)|^ + 5cos2(^/2) sin^{9/2) |sin(0) - cos(0)|^ 
+ |sin(20) cos2(^/2) + sin2(^/2) 1^ (9) 

Here P{D, D) > P{U, D)ii(f)< arcsin(l/V5) and if P{D, D) = P{U, D) then P{D, U) > 
P{U, U). Therefore D is an ESS if < arcsin(l/-\/5) otherwise the strategy U {9, (f)) will be in 
position to invade D. Alternatively if most of the members of the population play D~U{7r,0), 
meaning high frequency Fd for D, then the fitness W{D) will remain greater than the fitness 
W[U{9,(I))] if < arcsin(l/-\/5). For > arcsin (1/a/5) the strategy U{9,(f)) can invade the 
strategy D which is an ESS. The possession of a richer strategy by the mutants in this case 
leads to an invasion of D when cf) > arcsin (l/-\/5). Mutants having access to richer strategies 
may seem non-judicious but even in classical setting an advantage by the mutants leading 
to invasion may be seen in similar context. 

Case C 

Eisert et al [4] showed that the quantum strategy Q~U{0,7r/2) played by both the players 
is the unique NE and one player cannot gain without lessening the other player's expected 
payoff. The expected payoffs are 
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p(g,Q) = 3 

P{U, Q) = [3 - 2cos2(0)] cos2(^/2) 

P{Q, U) = [3- 2cos\(l))] cos2(^/2) + 5sin2(^/2) (10) 

Now P{Q, Q) > P{U, Q) holds true for all 6 e [0, tt] and e [0, 7r/2] except when ^ = 
and (p — Tr/2 which is the case when the mutant strategy U{9,(1)) is the same as Q and 
is ruled out. Therefore the first condition for Q to be an ESS is satisfied. The condition 
P{Q, Q) — P{U, Q) implies ^ = and = 7r/2. We have again the situation of the mutant 
strategy to be same as Q and we neglect it. If Q is played by most of the players, meaning 
high frequency Fq for Q, then it is seen that W{Q) > W\U{9,(1))] for all 9 e (0,7r] 
and e [0,7r/2). Therefore a two parameter quantum strategy U{9,(f)) cannot invade the 
quantum ESS i.e. the strategy Q~U{0,7r/2) for this particular game. The mutants having 
access to richer strategy space remains an advantage not any more now. For the population 
as well as the mutants Q is the unique NE and ESS of the game. 

The invasion of the mutants in case B does not seem so unusual given the richer structure 
of strategy space they exploit and they are unable to invade when it doesn't remain an 
advantage and most of the population have access to it. 

We now see what happens to PD game when played via Marinatto's scheme[13]. In this 
scheme the players apply their 'tactics' by restricting themselves to a probabilistic choice 
between the identity operator I and the Pauli spin-flip operator a^.The purpose [12] for 
such a choice as described by the authors is to have the smallest set of operations able to 
reproduce, when applied to a factorizeable couple of strategies, the results of the classical 
theory of games. However new results come out from the richer structure of the strategic 
space, i.e. from the entangled couple of strategies [13]. S.C.Benjamin in his comment [14] 
have considered it a severe restriction on the full range of quantum mechanically possible 
manipulations but Marinatto and Weber have replied [12] by describing it a 'minimal' choice 
enough to reproduce the classical results. 

For the initial entangled state 

li/jin) ^a\CC)+b\DD) |a|' + |6|' = l (11) 
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when / and Gx correspond to strategies C and D respectively with the payoff matrix (3). 
Payoffs to Alice and Bob are: 

PAip, q) = 3{pg |a|' + (1 - - q) \h\^} + 5{p(l - q) \h\^ + g(l - p) \a\^} 

-\-{pq + (1 - q) |a|^} 

Pb{p, q) = 3{m |a|' + (1 - - \h\^} + 5{p(l - g) |a|' + g(l - p) 

+{pg|6|' + (l-p)(l-g)|a|'} (12) 
where p and g are the probabilities of Alice and Bob respectively to act with the operator 

A 

/. PD is symmetric game and remains symmetric after quantizing it. For a symmetric 
bimatrix games an ESS is recognized as a symmetric NE with an additional property usually 
called 'the stability property' [8]. 

We search for symmetric NE from the inequalities using only the parameter h of the 
initial state \'^in) because for the state j^'m) = a \CC)-\-h \DD) the game reduces to classical 
when = i.e. when the initial state becomes unentangled. NE inequalities are then 

PA{k h - Pa{p, I) = {P -p){S \bf - (9 +1)} > 

Psik Q) - Psik q) = -g){3 \h\^ - {P +1)} > (13) 

The parameters of the initial entangled state a and b may decide some of the possible 
NE. Three symmetric NE are 

1. p^q^ when 3 \bf < 1 

2. 1 when 3 \bf > 2 

3. p=q= 3 \bf - 1 when 1 < 3 \bf < 2 (14) 

The first two NE are independent of the parameters a and b of the initial state. However, 
the third NE depends on these. We now ask which of these NE can be ESS's assuming that 

a particular NE exists with reference to a particular set of initial states \ijjin) for which it 

A A 

can be found. The payoff to a player using / with probability p when the opponent uses / 
with probability q is 

Pip, q) = Hpq \af + (1 - p)(l - q) \bf} + 5{p(l - q) \bf + q{l - p) |a|'} 
+{pg|6|' + (l-p)(l-g)|a|'} (15) 
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For the first case 0. The payoff P(0, 0) > P{p, 0) when 3 \bf < 1 and P(0, 0) = 

P(p,0) imply 3\bf = 1. Also P(g, g) = -q^ + |(g + 1) and P(0, g) = |(g + 1). Now 
P(0, g) > P{q, q) when g O.Therefore, is an ESS when 3 < 1. 

Consider P=g= 1 now. P(l, 1) > P{p, 1) means 3 > 2 if p 1. And P(l, 1) = P(p, 1) 
means for p 7^ 1 we have 3 \bf = 2. In such case P(g, q) = —q^ + |(g + 7) and P(l, q) = 
1(2 - g). Now P(l, g) > P(g, g) because (1 - g)^ > for g 7^ 1. Therefore P=g= 1 is an ESS 
when 3 \bf > 2. 

The third case P=g= 3 \bf-l. Here P(3 - 1, 3 - 1) = -36 \bf + 36 \b\^-5 \bf + 6. 
Also we find P{p, 3 \bf - 1) = -21 \b\^ + 21 \bf - 3. Therefore, the condition P(3 \bf - 
1, 3 - 1) > P{p, 3 - 1) holds and 3 \bf - 1 is an ESS too for 1 < 3 < 2. 

All three possible symmetric NE definable for different ranges of \bf turn out ESS's. Each 
of the three sets of initial states \ipin) give a unique NE that is an ESS too. Switching from 
one to the other sets of initial states also changes the NE and ESS accordingly. A question 
rises here: is it possible that a particular NE switches over between 'ESS' and 'not ESS' 
when the initial state changes between certain possible choices?. The transition between 
classical and quantum game is also controlled by a change in the initial state. For example 
classical payoffs can be obtained when the initial state is unentangled. It implies that it 
may be possible to switch over between 'ESS' and 'not ESS' by a change between 'classical' 
and 'quantum' forms of a game i.e. when the initial state is unentangled and entangled 
respectively. This possibility makes ESS interesting for the quantum game theory as well. 
Because PD does not allow such a possibility we now investigate asymmetric games to look 
for an answer for our question. 

III. ASYMMETRIC CASE 

The players are anonymous in a symmetric bimatrix game. Such a game is written 
as G = (M, M^) where M is a square matrix and is its transpose. An ESS for an 
asymmetric bimatrix game i.e. G = (M, N) when N ^ is defined as a strict NE [11]. A 
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strategy pair (x, y) e S, is an Evolutionarily Stable Strategy Pair of the asymmetric bimatrix 
game G = (M, A^) if it satisfies the NE conditions with strict inequahty i.e. 

1. Pa{x, y) > Pa{x, y) for all x ^x 

2. PB(i, y) > Pb{x, y) for all y ^y (16) 

The game of Battle of Sexes has the following matrix 

(7,7) 1 , ^ 

where a > p > 7 (17) 

^ (7, 7) a) J 
is an asymmetric bimatrix game with three classical NE [13] 

1- pi=gi= 
2. P2=q2= 1 

3- P3=^ (18) 

Here (1) and (2) are ESS's as well but (3) is not because it is not a strict NE. The 
asymmetric quantum game played via the entangled state \ipin) = a \ 00) + b |TT), where O 
and T denote 'Opera' and 'Television' respectively, has following three NE [13]. 

1- Pi=qi= 1 

2. P2=q2= 



Similar to the classical case, (1) and (2) are ESS's while (3) is not. These two ESS's do 
not depend on the parameters a and b of the initial state, however, the third NE does so. 
We show later that for other games an ESS may also be dependent on the parameters a 
and b. Interestingly playing the Battle of Sexes game via another entangled state \ipin) = 
a \ 0T) + b I TO) changes the scene. The payoffs to Alice and Bob now are: 

^a(p,?) = 

p{-q{a + /3 - 27) + a \af + P \b\^ - 7} + q {a \bf + P \a\^ - 7} + 7 
Pb{p, q) = 

q {-p{a + /3 - 27) + /3 \af + a \bf - 7} +P {/^ 1^*1^ + « \af - 7} + 7 (20) 



and there is only one NE that is not an ESS i.e. 
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and Battle of Sexes playing via the state j^'m) = a \OT) + h \TO) gives no ESS at all. 

An essential requirement on a quantum version of a game is that the corresponding clas- 
sical game must be its subset. Suppose for a quantum game corresponding to an asymmetric 
bimatrix classical game a particular strategy pair {x^y) e 5" is an ESS independent of an 
initial state in its possible choices i.e. (x, y) is an ESS for all a and 6. Classical game 

being a subset of the quantum game the strategy pair (x, y) must be an ESS in the classical 

* * 

game as well. However, a strategy pair (x, y) being an ESS in the classical game may not 
remain an ESS in quantum version. The quantization of an asymmetric classical game can 
make disappear the classical ESS's but cannot make appear new ESS's, provided an ESS in 
quantum version remains so for every possible choice of a and h. However, when an ESS is 
defined as a strict NE existing only for a set of initial states for which that NE exists the 
statement that quantization can only make disappear classically available ESS's may not 
remain valid. In such a case quantization may make appear new ESS's definable for certain 
ranges of the parameters a and 6. To find games with the property that ' a particular NE 
switches over between 'ESS' and 'not ESS' when the initial state changes between its pos- 
sible choices' we write down the payoffs to Alice and Bob playing an asymmetric quantum 

A 

game via the method [13] of probabihstic choice of the operator / by the players. For the 



matrix 

(q;i,q;2) (/3i,/32' 

^ (71,72) (o-i,o-2) J 
with the condition 



(22) 



7i CTl 



7^ 



0:2 P2 



72 0-2 



the payoffs for the initial state 



a \00) + b\ TT) are as follows, given that O and T are again the two pure classical strategies 
that no more represent 'Opera' and 'Television' only. 

Pa{p, q) = ai {pq \af + (1 - - q) \bf} + f3, {p{l - q) \af + q{l - p) \h\^] 
+7i {p(l - q) 1^*1^ + ?(1 -P) \af'] + (Ti {pq l&l^ + (1 -p)(l - q) \af] 
Pb{p, q) = a2 {pq \a\' + (1 - p)(l - q) \b\'} + (3^ {p{l - q) \a\^ + q{l - p) \h\^] 
+72 {p(l - q) \h\^ + q{l - p) |a|'} + ^2 {pq + (1 - p)(l - q) \a\^] (23) 
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The NE conditions are then 

Pa{pA-Pa{p, Q) = 

(p -p) [|a|' (A - ai) + \bf (71 - ai)- q - ai) + (71 - ai)} 



> 



(g -q) \ \af (72 - (T2) + \bf {P2 - «2)- P {(72 - + {f32 - «2)}J > (24) 
Let now P=q= be a NE i.e. 

Pa{0, 0) - Pa{p, 0) = -p - ai) + {(71 - «i) - (A - ai)}] > 

Pb{0, 0) - Pb{0, q) = -q [(72 - ^2) + {(/^s - ^2) - (72 - ^^2)}] > (25) 

When the strategy pair (0, 0) is an ESS in the classical game (|6|^ = 0) we should have 

Pa{0, 0) - Pa(p, 0) = -p(/3i - (Ji) > for all p and 

Pb{0, 0) - Pb{0, q) = -g(72 - (T2) > for all g ^ (26) 

It implies (/5i — cxi) < and (72 — 172) < 0. 

For the pair (0, 0) to be 'not ESS' for some \bf ^ let take 71 = cci and P2 — 0L2 we have 



then 



Pa(0, 0) - P^(p, 0) = -p(/5i - ai) {1 - \hf) 

Pb{0, 0) - Pb{0, q) = -g(72 - ^2) {l - \b\'} (27) 

And the pair (0, 0) doesn't remain an ESS when \bf = 1. A game with these properties 



is given by the matrix 



(1,1) (1,2) 
(2,1) (3,2) 



(28) 



For this game the pair (0, 0) is an ESS when 



(classical game) but it is not when 



for example \bf = ^, though it remains a NE in both the cases. Therefore, a NE can be 

switched between ESS and 'not ESS' by adjusting the parameters a and b. An ESS may 

also appear when unentangled strategies become entangled opposite to the previous case. 

An example of a game for which it happens is 

^(2,1) (1,0) \ 
^ ^ ^ ^ (29) 

(1,0) (1,0) J 

Playing this game again via \ipin) — a \00) +b\TT) gives following payoff differences for 



v 
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the strategy pair (0, 0) for Alice and Bob respectively 

Pa(0,0)-P^(p,0) =p|6|' and Pb(0, 0) - P,,(0, g) = g |6|' (30) 

Therefore (29) is an example of a game for which (0, 0) is not an ESS when initial state 

in unentangled but (0, 0) is an ESS for entangled initial states i.e. < < 1. 

IV. CONCLUDING REMARKS 

We have shown that in a population engaged in symmetric bimatrix classical game of 
Prisoner's Dilemma an invasion of classical ESS is possible rather easily by the mutants 
exploiting two-parameter set of quantum strategies. However, the mutants cannot invade 
when they are deprived of using entanglement or when entanglement doesn't remain an 
advantage. For an asymmetric quantum game between two players we have shown that a 
strategy pair can be made an ESS for either classical (using unentangled \il^in)) or quantum 
(using entangled iV'in)) version of the game even when the strategy pair remains a Nash 
equilibrium in both the versions. It shows that in certain types of games entanglement can 
be used to make appear or disappear ESS's while retaining corresponding Nash equilibria. 

The notion of an ESS in multiplayer classical games have been used in classical game 
theory. Recently S.C.Benjamin [15] have shown that coherent equilibria of mostly cooper- 
ative nature can exist in multiplayer quantum games. We think that ESS can be useful 
refinement concept in multiplayer quantum games having multiple NE and entanglement 
can also be related to ESS's in these games as well. 
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